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Introduction

* Find predefined patterns within an object

Find rings in a chemical compoun
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Introduction

 Problem formulation
* Subgraph matching

Source graph

Query graph

Subgraph - _ || _ @



Introduction
* Goals
* |s there any subgraph same/similar to the query graph in the source graph ?

* Where is the subgraph ?
 How similar are the subgraph and query graph ?

Source graph

Query graph

Subgraph (. _\|_\/ @



Classic Formulation: Quadratic Assignment Problems (QAPs)

With adjacency matrices A° and A9,
find a binary mapping matrix between source and query

* For two graphs of equal size:

that each column and row has exactly one “1”

X e{0,1}"*" X1, =1,,,X"'1, =1,

* For two graphs of different sizes:

that each column (or row) has exactly one “1”

X €{0,1}"™ X1,,<1,,X'1, =1,
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Koopmans-Beckmann’s QAP Lawler’s QAP
min —<AS,XAqXT>F glelr)lc vec(X) ' Q vec(X),
XeXx

_ 35 s
Q-1 +im(—1) 4 = d° (A7, AT 5))

Remarks

The Quadratic Assignment Problems (QAPs)
* are complex combinatorial optimization problems

* do not consider node features
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* Theory — Optimal Transport on graphs



Optimal Transport

 How to transport the mass from one probability distribution to another
with minimum cost ?

|x3 — x4 | x4 — x4
£ Cost Matrix VT :
4 p(X)m) |.X'3 — le |.X'4_ — x2|
Z iz
i 1 | ¢ .
. . 2
> R ? r R A possible Transport Matrix I
X X
1 2 X3 Xy % %
Source Target

 The total minimum cost is defined as the Wasserstein distance

W(p(x)7Q(x>> = min {<T7 M>F dgf. ZTi,jM’i,j}

T —
©,J



Optimal Transport on Graphs

 How to transport the information from one graph to another with minimum cost ?
* Information: Feature & Structure

Graphl Graph2

: - -3 X2




Optimal Transport on Graphs

 How to transport the information from one graph to another with minimum cost ?
* Information: Feature & Structure

* Feature

Graphl Graph2
1/3

« g b
g0 1 (1/3 0

1/2
ol o  p—bl|l 0 =0 1/3
11 1/6 1/6

1/3 | =T

Wasserstein distance: W (p,q, M) = mqin(T, M)p



Optimal Transport on Graphs

 How to transport the information from one graph to another with minimum cost ?
* Information: Feature & Structure

e Structure

Graphl Graph2 0 1 1 . 0 1 t
1/3 | C"=1]1 01 C" = [1 O] Li,i’,jaj’ :£<Cz§,i’7cj,j’>
.\ 1 1 0]
1/3 1/2 1/2
—@
1/3 0 0 1/3
1/3 6 optimal transport matrices: 7%= | 0 1/3| T*=1|1/3 0 | -
Lo 1/6 1/6 1/6 1/6
Gromov-Wasserstein distance: GW(p,q,C?,C") = min L(C;,;,C5,) T ;T j

r =
1’77’/7]7]/



Wasserstein Distance

. def.
W(p,q,M)Zmiln (IT',M)r = ZTZ-,]-MZ-,]-
0]

Gromov-Wasserstein Distance
T ol
7’77’/7..77¢7/

gW(pa q, CS) Ct) = min { <L %Y T7 T>F dgf. Z L (Cf,iU C;}j’) TiajTilaj’ }

. def.
W|th (L X T>1,,j = Zi’,j/ Li,i’,j,j/Ti’,j/

Fused Gromov-Wasserstein Distance

fgW(p,q,M,C’S,Ct) — mqin (1—a){(T M) +a(LQT,T)p



FGW distance

Fused Gromov-Wasserstein Distance

fQW(p,q,M,CS,Ct) — miin (1—a){TM)r +a(LQT,T)p

def.
with (L®T),; = i LiijjTi

Constraints st. Tl, =p;T'1, = q;T € R

* Probability vectors p and q indicate weights/importance on nodes



Remarks

The FGW distance
» defines a distance/metric between two labeled graphs
* isageneralization of classic Quadratic Assignment Problems (QAPs)
* is naturally a continuous problem

* naturally allows graphs of different sizes



Examples

Graphl Graph?2
—@
Source Target

T =

(1/3

1/6

1/3
1/6

FGW(p,q, M,C?,C") = 0.306



Examples

Wasserstein distance =0 GW distance =0 FGW distance = 0.125 (a = 0.5)
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* Algorithms — Subgraph matching algorithms



Subgraph Matching — Framework 1

\

_1/n 1/n
Source graph (#n) Query graph (#m)

m/n @

Source = — Target
Transport by matrix T

/ 1-m/n

Dummy node
- /
, O

Induced subgraph (#m)




Subgraph Matching — Framework 1 FoW(p,q, M,C*,C?) = min (1—a)(T,M)r + (LT, T)r

* mass of source graph are transported to
e query graph with original costs
* dummy node "for free”

M, :{ d(a;,b;), for j=1,..,m

0, for 73=m+1.

L' - £ (Cf,i/,C;,j,) 3 fOI' ] = 17 ey M and j/ — 17 1)
1,157, 07 for ] = mMm _|_ 1 or j/ — m _|_ 1

e Minimum value of FGW distance is still O.



Issues raised in large graphs FGW(p,q, M,C*,C") = min (1 - a)(T,M)p + (L@ T, T)r

 Large Computation of the tensor-matrix product L @ T’

* Non-convexity due to the product Ti,jTi’,j’
* |arger graphs create more local minima

Potential solution: “shrink” the graph that is directly used in the FGW distance



Subgraph Matching — Framework 2
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Subgraph Matching — Framework 2

For node in Source graph:

Create a sliding subgraph

End
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* Applications — for biological datasets



Application - example

Frequent subgraph matching

e Detect the similarities within a set of graphs



Application - example

Detect signaling pathways within Neurodegenerative disease pathways
e Parkinson
* Alzheimer

Query graph: unfolded protein response (UPR)

Unfolded proteins

[ Bip | IREle F—
DA
[PERK |—[ elF2e —®[ 4TF4 |——— —»-O—®{[CHOCF |




FAREBDAN DIEEASE

e Tyl

2 28
/

n
—

=] Cow

ma-rf-
-

Pt pes s e
- —

s

=g

o .-
=

el

= |-

I
-------.-*----.---.----

1

1

s

Do Ganes

Parkinson

Iﬂtm

L2}




Alzheimer

ALTHEDJIFE. CISEALE

-- el --------}'
B I g

] —

— __.El__.:_..g-{

]

i

i

AT
-

—
e 7 nimim

el

——* dgrphen

AP ey |

y[2e]- - -ll-n-""g
e i

v et

W= ——————————

_',l:'-.ﬁ-

ol Goscrn — = Mugpepim

S ST ”

]
l
(&*‘-J e

Zagerwem] B3

L [esg]

R—1 |! E Ia-----l- L'*“'"

=]

Plaggrjien

|\ @D
L

L] L o 1
1 T .




Conclusion

[ Theory

[ Algorithms

[ Applications

Fused Gromov-Wasserstein Distance

fgW(p,q,M,C’s,C’t) = miin 1—a){(T M)p+a(LQT,T)p

—_

Source graph (#n) Query graph (#m) /'Source graph (#n) -
@ ,’l Sliding subgraph (#n,)\\ Query graph (#m)
/ \

i s
Source y;‘ | L Target . | :
¢ Transport by matrix T :" \ "\‘Transpo rt by matrix T'
LI/, Dummy node II“ Movin, center‘it;‘/o *;,' :: Dummy node
" (] “\ o / ®

—

AN Induced subgraph (#m) /
Inducedsubgraph (#m) e - e

Frequent subgraph matching



Thank youl!
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