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Introduction

Background

Search for predefined patterns within an object
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Introduction

Research questions

Attributed subgraph matching, with a predefined query graph,

Attributes = colors, chemical elements, personal identities...
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Introduction

Research questions

Attributed subgraph matching, with a predefined query graph,

Q1 Is there any subgraph? Q2 Where? Q3 How similar with the query?
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Framework

Measure the difference between the subgraph and query

Combine attribute and structure information
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Introduction

Framework

Measure the difference between the subgraph and query

Combine attribute and structure information

Minimize total difference D = (1− α)DF + αDS
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→ Minimize attribute difference DF

→ Minimize structure difference DS



Introduction

Existing formulations

Quadratic assignment problems (QAPs)1

aim to find a binary assignment matrix X ∈ {0, 1}n×n between two graphs

! are complex combinatorial optimization problems

! have troubles with inexact matching problems

Index-based methods2

often prioritize efficiency over accuracy
able tackle inexact matching

! typically rely on heuristics

1Lawler, “The quadratic assignment problem”, Management science.
2Khan et al., “Nema: Fast graph search with label similarity”, VLDB 2013.
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Introduction

OT distances for graphs - Preview

! define distances/metrics for attributed graphs

! provide efficient matching algorithms

! able to tackle inexact matching
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Optimal Transport for Graphs

Wasserstein distance
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Transport the mass with minimum cost.

Probability vectors p=
[
1/2
1/2

]
q=

[
3/4
1/4

]
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Wasserstein distance
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Transport the mass with minimum cost.

Probability vectors p=
[
1/2
1/2

]
q=

[
3/4
1/4

]

W for discrete measures

WΩ (µs , µt) = min
T∈T (p,q)

⟨M ,T ⟩ def.
=

∑
i ,j

M i ,jT i ,j

where T (p,q) def.
=

{
T ∈ Rn×m

+ | T1 = p,T⊤1 = q
}

A simple cost matrix

M =

[
|x1 − x3| |x1 − x4|
|x2 − x3| |x2 − x4|

]
A possible transport matrix

T =

[
1/2 0
1/4 1/4

]



Optimal Transport for Graphs

Gromov-Wasserstein distance

For measures that lie in different spaces (e.g. spaces of different dimensions)
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Optimal Transport for Graphs

Gromov-Wasserstein distance

For measures that lie in different spaces (e.g. spaces of different dimensions)

The cost matrix M can not be properly defined across the spaces.
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Optimal Transport for Graphs

Gromov-Wasserstein distance
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C s =

[
0 |x1 − x2|

|x2 − x1| 0

]
C t =

[
0 |y1 − y2|

|y2 − y1| 0

]



Optimal Transport for Graphs

Gromov-Wasserstein distance
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C s =

[
0 |x1 − x2|

|x2 − x1| 0

]
C t =

[
0 |y1 − y2|

|y2 − y1| 0

]

L
(
C s

i ,i ′ ,C
t
j ,j ′

)



Optimal Transport for Graphs

Gromov-Wasserstein distance

For two measures that lie in possibly different spaces X and Y

GW for discrete measures

GWX ,Y (µs , µt) = min
T∈T (p,q)

∑
i ,i ′,j ,j ′

L
(
C s

i ,i ′ ,C
t
j ,j ′

)
T i ,jT i ′,j ′

X ,Y: supports of µs and µt

C s : cost matrix within X
C t : cost matrix within Y
L
(
C s

i,i′ ,C
t
j,j′

)
: loss between each elements of C s and C t

T i,jT i′,j′ : transport from point pair (i , i ′) to (j , j ′)
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Optimal Transport for Graphs

OT for attributed graphs

OT distances for graphs are defined equivalently as between discrete measures
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→ Wasserstein distance

min
T∈T (p,q)

⟨M ,T ⟩

→ Gromov-Wasserstein distance

min
T∈T (p,q)

∑
i,i ′,j,j′

L
(
C s
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t
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Optimal Transport for Graphs

OT for attributed graphs

OT distances for graphs are defined equivalently as between discrete measures

min
T∈T (p,q)

(1− α)⟨M ,T ⟩+ α
∑

i ,i ′,j ,j ′

L
(
C s

i ,i ′ ,C
t
j ,j ′

)
T i ,jT i ′,j ′
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Optimal Transport for Graphs

Fused Gromov-Wasserstein distance for attributed graphs3

For two attributed graphs Gs and Gt

FGW for attributed graphs

FGW (Gs ,Gt) = min
T∈T (p,q)

(1− α)⟨M ,T ⟩+ α
∑

i ,i ′,j ,j ′

L
(
C s

i ,i ′ ,C
t
j ,j ′

)
T i ,jT i ′,j ′

M : attribute cost matrix

C s , C t : structure cost matrices of Gs and Gt

L
(
C s

i,i′ ,C
t
j,j′

)
: loss between each elements of C s and C t

p and q: weights/importance on nodes

3Titouan et al., “Optimal Transport for structured data with application on graphs”, ICML 2019.
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Optimal Transport for Graphs

OT distances for graphs - Details

The FGW distance

defines a distance/metric between two attributed graphs

if with metric-typed loss functions

is naturally a continuous problem

can be viewed as a relaxation of classic Quadratic Assignment Problems (QAPs)

is a generalization of classic QAPs

allows graphs of different sizes
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Optimal Transport for Graphs

Example4

Wasserstein distance = 0 GW distance = 0 FGW distance = 0.125
(α = 0.5)

4Titouan et al., “Optimal Transport for structured data with application on graphs”, ICML 2019.
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Optimal Transport for Graphs

Partial Optimal Transport5

Mass is fully transported

5Chapel, Alaya, and Gasso, “Partial optimal tranport with applications on positive-unlabeled learning”, NeurIPS 2020.
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FGW (Gs , Gt ) = min
T∈T (p,q)

(1 − α)⟨M,T⟩+α
∑

i,i′,j,j′
L

(
C s

i,i′ ,C
t
j,j′

)
T i,jT i′,j′

Feasible set of OT

T (p,q) def.
=

{
T ∈ Rn×m

+ | T1 = p,T⊤1 = q
}

Feasible set of Partial OT

Ts(p,q)
def.
=

{
T ∈ Rn×m

+ | T1 ≤ p,T⊤1 ≤ q, 1⊤T1 = s
}
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Basic algorithm
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Subgraph Matching Algorithms

Basic algorithm

The mass is allowed to be transported to the dummy node for free.

The FGW distance is 0 if an exact matching is found.
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Subgraph Matching Algorithms

Challenges arising in large graphs

Due to ∑
i ,i ′,j ,j ′

L
(
C s

i ,i ′ ,C
t
j ,j ′

)
T i ,jT i ′,j ′

FGW distance is a large and non-convex optimization problem

larger graphs significantly increase computation and create more local minima

Potential solution: reduce the graph sizes used in the optimization problem
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Subgraph Matching Algorithms

Sliding algorithm
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Experimental results
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Subgraph Matching Algorithms

Key results from experiments

Our methods are more robust to attribute noise compared with existing methods

Sliding algorithm improves query efficiency and accuracy in large graphs
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Conclusion

Conclusion

QAPs → FGW distance

OT for probability → OT for graphs

Partial OT → Subgraph matching

Two subgraph matching algorithms

Future directions

Entropic regularization

Subgraph of a different size

Matching in shape or image
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Additional slides

General formulations

Wasserstein distance

WΩ (µs , µt) = inf
π∈Π(µs ,µt)

∫
A×B

dΩ(a, b)dπ(a, b)

where

Π (µs , µt) =

{
π(a, b) ≥ 0,

∫
B
π(a, b)db = µs ,

∫
A
π(a, b)da = µt

}
A,B: supports of µs and µt , within the same space Ω

dΩ(a, b): loss between points within Ω

π(a, b): coupling between µs and µt

Π (µs , µt): all possible couplings
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Additional slides

General formulations

Gromov-Wasserstein distance

GWX ,Y (µs , µt) = inf
π∈Π(µs ,µt)

∫
X 2×Y2

L
(
dX

(
x , x ′

)
, dY

(
y , y ′

))
dπ(x , y)dπ

(
x ′, y ′

)

X ,Y: supports of µs and µt , possibly within different metric spaces

dX (x , x ′): loss within X
dY(y , y

′): loss within Y
π(x , y)π(x ′, y ′): coupling between point pairs (x , x ′) and (y , y ′)
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Additional slides

A few words about α

For exact matching,
(including matching in noisy datasets)

any α ∈ (0, 1) will work in theory
in practice, optimal α(’s) can be found with the best success rate for a specific
dataset and query graph

For inexact matching,

α manually balances the importance of attributes and structure
there is no optimal α
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